Abstract. In this paper, we use some basic quasi-topos theory to study two functors: one adding infinitesimals of Fermat reals to diffeological spaces (which generalize smooth manifolds including singular spaces and infinite dimensional spaces), and the other deleting infinitesimals on Fermat spaces. We study the properties of these functors, and calculate some examples. These serve as fundamentals for developing differential geometry on diffeological spaces using infinitesimals in a future paper. Using infinitesimals to study geometry goes back to I. Newton or even earlier, as one of the motivations for developing calculus, and hence the start of the modern mathematics. Although infinitesimal theory was not rigorous at the beginning, the intuitive idea behind it was so enlightening that a great amount of work at that time by mathematicians like L. Euler, J.-L. Lagrange, etc, were influenced by that. It was A.-L. Cauchy who made the definition of limit rigorous using the epsilondelta language. Since then infinitesimal theory gradually left the main stream of mathematics.
Introduction
Using infinitesimals to study geometry goes back to I. Newton or even earlier, as one of the motivations for developing calculus, and hence the start of the modern mathematics. Although infinitesimal theory was not rigorous at the beginning, the intuitive idea behind it was so enlightening that a great amount of work at that time by mathematicians like L. Euler, J.-L. Lagrange, etc, were influenced by that. It was A.-L. Cauchy who made the definition of limit rigorous using the epsilondelta language. Since then infinitesimal theory gradually left the main stream of mathematics.
On the other hand, many concepts in geometry came from intuitive infinitesimal considerations, for example, tangent vectors, vector fields, Lie groups, Lie algebras, connections, curvature, etc. Many modern formulations of these concepts leave very little trace of their original ideas, but they are very convenient for doing computations. In other words, there is a step from translating geometric ideas using infinitesimals to the modern formulations, and most of time, this step is left as a gap in most literature, especially for students start to learn this field. It is . All of these will serve as fundamentals for developing differential geometry on diffeological spaces in a future paper.
I would like to thank P. Giordano for suggesting this project.
Basic of Fermat reals
Fermat reals were introduced by P. Giordano in [5, 6, 7, 8] . Let us review the basic theory here; see these references for detailed proof of these results.
Let U be an open subset of R n . We define U 0 [t], the little-oh polynomials on U , to be the set of functions x : [0, ǫ) −→ U for some (not fixed) ǫ ∈ R >0 with the property that
for some r ∈ U , k ∈ N, α i ∈ R n and a i > 0. Two little-oh polynomials x and y are called equivalent if x(0) = y(0) and x(t) − y(t) = o(t). This is an equivalence relation on U 0 [t] , and the quotient set is denoted by
• U . As a consequence, every element in
• U has a unique representing little-oh polynomial of the form
for some • y(:= y(0)) ∈ U , l ∈ N, β i ∈ (R n \ {0}) and 0 < b 1 < b 2 < · · · < b l ≤ 1, defined on [0, δ) for some maximum δ ∈ R >0 ∪{∞}. 6 We call this the decomposition of the element [y],
• y the standard part, and we define ω([y]) := 1 b1 the order of 3 For example, it is easy to check by definition that it turns an irrational torus to a trivial Fermat space. 4 It uses another canonical concrete site; see Remark 3. Indeed, we used this concrete site in the definition of the deleting infinitesimal functor. 5 More precisely, we show in Example 31 that the adding infinitesimal functor does not commute with arbitrary colimits. 6 Careful reader will notice that there are two main differences between the presentation here and the one in the existing references. One is, we use germs at 0 for little-oh polynomials, since sometimes, such functions are not necessarily globally defined, and another one is the expression of the unique representing little-oh polynomials without using the notation changes: t b ↔ dt 1/b , since from my opinion, the use of t b is closer to the traditional way of viewing such functions as a kind of "polynomials", and much easier for doing computations, etc.
[y]. For convenience, we sometimes use a similar form of y(t) as (2.1) but allowing β i = 0, and we call such a form a quasi-decomposition of [y] . From now on, we write elements in • U by y instead of [y] whenever there is no confusion. Given a finite set of open subsets {U i } i∈I of Euclidean spaces,
• ( i∈I U i ) naturally bijects i∈I
• U i . Therefore, we do not distinguish • (R n ) and ( • R) n , and write it as
• R n . We can also identify • U as a subset of • R n by • U = {x ∈ • R n | • x ∈ U } when U is an open subset of R n . There are canonical functions i U : U −→
• U and ev 0 :
• U −→ U defined by i U (u)(t) = u and ev 0 (x) =
• x, and we have ev 0 • i U = 1 U . Therefore, • U is an extension of U , and for x ∈
• U , we call δx := x − • x the infinitesimal part of x. The meaning is clear when U = R: we can give a well ordering on
. . , β n ) in the dictionary order, and then
• U is nilpotent, i.e., there exists some
• R n , we always equip it with the subtopology of the Fermat topology of
• R n . Let f : U −→ V be a smooth map between open subsets of Euclidean spaces. Then
• f :
is a well-defined map extending f (called the Fermat extension of f ), i.e., we have the following commutative diagram in Set:
can be done by Taylor's expansion of f at the point • x, using the nilpotency of δx. More precisely, if the (m + 1) th power of each component of δx is 0 for some m ∈ N, then we have
Therefore, for any open subset W of V , we have
• f is continuous with respect to the Fermat topology.
Note that when U = ∅ and dim(V ) > 0, not every constant map
• U . In order to get a concrete site (see next section), we introduce the following definition:
an open subset P of some Euclidean space, a smooth map α : P ×U −→ R m and some fixed point p ∈
• P , such that for every x ∈ A∩ • U , we have
In particular, every constant map A −→ B and i U : U −→ • U are quasi-standard smooth. Moreover, every quasi-standard smooth map is continuous with respect to the Fermat topology.
Concrete sites and concrete sheaves
The notion of concrete sites and concrete sheaves goes back to [4] . A review of the categories of concrete sheaves, with special attention to smooth spaces is in [1] . We collect some essential results here and review two examples related to this paper, in order to unify notations for the following sections. For explicit definitions and detailed proof of the properties, see [4] , [1] , [11] and [18, Subsections 1.2 and 2.1], but we will not need any of them in this paper.
To be brief, a concrete site is a site with a terminal object, such that there is a faithful functor from the site to the category Set of sets and functions (defined using the terminal object), every cover is jointly surjective on the underlying sets, and every representable presheaf is actually a sheaf. A concrete sheaf over a concrete site is a sheaf over this site with an underlying set (as sections over the terminal object), such that every section is a function between the underlying sets. Given a concrete site A, the category CSh(A) of all concrete sheaves over this site forms a quasi-topos, i.e., it is like a topos, but with a weak subobject classifier (that is, it only classifies strong subobjects instead of all subobjects).
Here are some basic properties of a quasi-topos:
• It is complete and cocomplete.
• It is (locally) Cartesian closed.
• It is locally presentable. We will make use of the following corollaries a lot in the following sections:
The concrete site is canonically a full subcategory of the category of concrete sheaves over it. By abuse of notation, we use the same notations to denote objects and morphisms in these categories. (ii) Every subset (or quotient set) of a concrete sheaf is canonically a concrete sheaf. (iii) The faithful underlying set functor | − | : CSh(A) −→ Set has both left and right adjoints. Therefore, (co)limits in CSh(A) are the (co)lifting of the corresponding (co)limits for the underlying sets. (iv) Let A be a concrete site. For any concrete sheaf X over A, write A/X (called the plot category of X) for the overcategory with objects all sections p : A −→ X and morphisms commutative triangles
where both p and p ′ are sections and f is a morphism in A. There is a canonical functor A/X −→ CSh(A) sending the above triangle to f : A −→ A ′ , and the colimit of this functor is X. In other words, every concrete sheaf is a colimit of the representing (concrete) sheaves indexed by the plot category over it, written as X = colim A∈A/X A.
We will mainly focus on the following two examples in this paper: In the above two examples, note that every object in the concrete site S or F is not just a set, but a topological space, and every morphism is continuous. More generally, assume that a concrete site A is a subcategory of the category Top of topological spaces and continuous maps, with covers the open coverings. Then every concrete sheaf X over A has a canonical topology, which is the final topology with respect to all sections A −→ X, i.e., the largest topology on the set |X| making all sections continuous. This defines a functor CSh(A) −→ Top. This functor sends every object in A to the same topological space. When A = S, this topology is called the D-topology 9 on diffeological spaces (see [3] for detailed discussion), and when A = F , this topology is called the Fermat topology on Fermat spaces. Moreover, this functor CSh(A) −→ Top has a right adjoint, sending every topological space Y to a concrete sheaf over A with sections over an object A in A the set of all continuous maps A −→ Y . 8 The reference didn't prove this fact using the language of quasi-topos, and instead introduced a new terminology called "a category of figures". This fact is indeed an easy consequence of the results proved there. 9 The letter "D" in "D-topology" refers to "diffeology", not the first-order infinitesimals D introduced in the previous section. We use the same convention for the terminology "D-open" in the following sections.
Extending diffeological spaces with infinitesimals
We use the following notations as in Examples 2(i) and 2(ii) throughout this section: S is the Souriau site, F is the Fermat site, Diff is the category of diffeological spaces and smooth maps, and
• C ∞ is the category of Fermat spaces and Fermat maps.
From Examples 2(i) and 2(ii), we know that both categories Diff and • C ∞ are concrete sheaves over concrete sites S and F , respectively. In order to find relationship between categories of concrete sheaves, we only need to find "good" functors between the two sites. There are already some candidates for such functors introduced in Section 2, and we will use them to build the adding and the deleting infinitesimal functors.
The adding infinitesimal functor
• (−). In [5, , an attempt of adding infinitesimals on smooth spaces has been made, by using smooth functions from diffeological spaces to R. The theory goes well for smooth manifolds, or more generally for separated diffeological spaces, i.e., diffeological spaces whose smooth functions to R separate points. But if we take the diffeological space to be a 1-dimensional irrational torus, then after that procedure of adding infinitesimals, we get a trivial Fermat space (i.e., a single point), since the D-topology on any irrational torus is indiscrete -the only open subsets are the empty set and the whole space. In other words, that procedure of adding infinitesimals turns an important and highly non-trivial diffeological space into a trivial Fermat space. In this subsection, we introduce a new approach to extend diffeological spaces with infinitesimals to overcome this problem, and still keep all the nice properties as stated in [5, for general diffeological spaces, instead of sepatated ones.
We introduce the following functor from diffeological spaces to Fermat spaces, using Fermat extension of smooth functions:
is a functor between the two sites, and hence induces a functor
Note that although the above two colimits have the same indexing category, the colimits are taken in different categories. We call the functor
∞ is a category of concrete sheaves, every point in the Fermat space
• X can be thought of as a point in • U for some plot p : U −→ X. Two such points in
• X are equal if and only if they are connected by the Fermat extension of a zig-zag diagram of plots of X, instead of using smooth functions X −→ R. We will see in next proposition that the adding infinitesimal functor
• (−) is different in general from the one introduced in [5, Chapter 9], although we use the same notation. In particular, this functor sends U ∈ S to • U , which coincides with the notation introduced in Section 2, since the indexing category S/U has a terminal object
Proof. This is straightforward. Indeed, this is the left Kan extension (see [14, X.3] ) of the composite of functors S −→ F −→
• C ∞ along the inclusion functor S −→ Diff .
Here is the relationship between the underlying sets of X and
• X:
Proposition 5. The adding infinitesimal functor • (−) : Diff −→ • C ∞ makes every diffeological space a subset of the corresponding Fermat space.
In particular, if X is a 1-dimensional irrational torus, then |X| is a subset of | • X|, which implies that
• X is not a trivial Fermat space; see Example 30 for the final answer of
• X. Therefore, the adding infinitesimal functor
Proof. Since the functor | − | : CSh(A) −→ Set has a right adjoint for any concrete site A, it preserves colimits, i.e., for any diffeological space X, we have
Recall that for any smooth map f : U −→ V between open subsets of Euclidean spaces, we have the following commutative diagram in Set:
and the composites of the two horizontal maps are identities. Therefore, we have maps i X : |X| −→ | • X| and ev 0 :
This implies that i X is injective, and hence |X| is a subset of |
• X|.
Moreover, for any smooth map f : X −→ Y between diffeological spaces, we have the following commutative diagram in Set: Proof. Let i : A ֒→ X be the inclusion map, which induces a Fermat map
So we get a functor S/X −→ S/A, such that the composite S/A ֒→ S/X −→ S/A is identity. This does not mean that we always have a Fermat map
• X −→ • A, but from this it follows that • i is injective. For any Fermat plot q : B −→
• X = colim U∈S/X • U and any point b ∈ B, there exist a Fermat open neighborhood C of b in B, some plot r : U −→ X, and a quasi-standard smooth map f : C −→
• U such that the following square commutes in
Since every quasi-standard smooth map is continuous with respect to the Fermat topology, it is enough to prove that (
, which is the statement of next proposition. 
From what we have proved in the previous proposition, we know that the inclusion map f −1 (A) ֒→ X induces an injective map
, we have the following commutative diagram in Diff :
which induces a commutative square in
So there exist plots p : U −→ X and q : V −→ A, and points u ∈
• U and v ∈ • V such that
Since | − | :
• C ∞ −→ Set is faithful and has a right adjoint, there exist finitely many plots r i : W i −→ Y , points w i ∈
• W i and zig-zag morphisms in S/Y connecting f • p and j • q via these r i 's, where j : A ֒→ Y , so that u and v are connected via these w i 's when applying the adding infinitesimal functor on the zig-zag. Let us do the following to "shorten" the length of the zig-zag:
(1) If we have the following commutative triangle in Diff :
then r can also be viewed as a plot of A, so we switch to consider the pair (r, w) with w ∈
• W given (so • g(w) = v) instead of (q, v); (2) If we have the following commutative triangle in Diff :
then r −1 (A) = ∅, and the given w ∈ • W is actually in r −1 (A). So we switch to consider the pair (r| r −1 (A) , w) instead of (q, v). In this case, we might need to shrink one W i next to W or U a bit to keep the zig-zag in S/Y , but without changing the given points w i .
After finitely many steps of switching pairs, we know that there exists an open neighborhood
In the next two results, we are going to connect the D-topology on a diffeological space X and the Fermat topology on
• X. Proof. Let p : U −→ X be an arbitrary plot. Using the commutative square
it is straightforward to check that p • (X ∩A) can be represented by v q ∈ • V , where q : V −→ X is a plot whose image is in X ∩ A.
On the other hand, assume that w r ∈
• W with r : W −→ X a plot represents a point in A, i.e.,
• r(w r ) ∈ A. Since A is Fermat open in X, (
. As a result, we have A =
• (X ∩ A).
In conclusion, we have: • V with plot q : V −→ X whose image is in A represent the same element in • X. By using ev 0 , it is clear that
• v q and u represent the same element in X, and the former actually represents an element in A. Hence, X ∩
• A ⊆ A. The converse inclusion is clear.
The next two results are easy applications:
Corollary 10. Let X be a diffeological space, and let {A i } i∈I be a set of D-open subsets of X. Then we have
where int denotes the interior. 
follows from applying the functor • (−) to the commutative square
For quotient spaces, we have: The adding infinitesimal functor preserves finite products:
Proposition 13. For any diffeological spaces X 1 and X 2 , we have a natural isomorphism
Proof. Note that
• U,
where the second and the third equalities follow from Cartesian closedness of • C ∞ , and the last isomorphism in
It is straightforward to check that this functor is final ([14, Section IX.3]), and hence 
This follows easily from the canonical map
Remark 14. More generally, we have the following result by a similar proof. Let A and B be concrete sites with finite products, and let F : A −→ B be a natural finiteproduct-preserving functor. Then the induced functor F : CSh(A) −→ CSh(B) defined by X = colim A∈A/X A → F (X) := colim A∈A/X F (A) naturally preserves finite products. This result will be used in Proposition 19. Now we discuss function spaces. Let X and Y be diffeological spaces. Since the category Diff of diffeological spaces is Cartesian closed, Diff (X, Y ) is also a diffeological space, with the natural diffeology (called the functional diffeology) consisting of all maps U −→ Diff (X, Y ) such that the corresponding adjoint maps
On the other hand, we can apply the adding infinitesimal functor to the adjoint maps
Since the category • C ∞ of Fermat spaces is Cartesian closed, we can take the adjoint back and get Fermat maps
It is easy to check that we get a Fermat map i :
exactly sends a smooth map f to its Fermat extension • f . In general, one cannot expect the Fermat map i :
where f : U × R −→ R is a smooth map with U some open subset of a Euclidean space, and u ∈
• U is some fixed point;
is the set of all Fermat maps
• R −→ • R; the map i :
• R) is the inclusion map, which is hence not an isomorphism in
• C ∞ . On the other hand, we will show in next subsection that both
• (Diff (X, Y )) and
• Y ) have the same "underlying diffeological space".
The deleting infinitesimal functor • (−). In this subsection, we introduce a functor
• C ∞ −→ Diff which deletes all infinitesimal points. This is the left inverse of the adding infinitesimal functor
• (−) introduced in the previous subsection.
Recall that we write F ′ for the full subsite of the Fermat site F , consisting of objects of the form
• U for U an open subset of R n for all n ∈ N. We first observe that
Proof. Note that f is quasi-standard smooth, i.e., for every a
• U ′′ , and a smooth map g :
where the third equality follows from Taylor's expansion of the local expression of g as a Fermat extension of a smooth function. Therefore,
Hence, we get a functor from Fermat spaces to diffeological spaces:
We call this functor the deleting infinitesimal functor ; see next proposition for explanation.
Proof. This is clear from Proposition 15. Indeed, this is the left Kan extension of the composite of functors F ′ −→ S −→ Diff along the inclusion functor
It is easy to check that the composite S −→ F ′ −→ S is identity, where the first functor is introduced in Proposition 4, and the second one is given by Proposition 15. This property can be extended to the corresponding concrete sheaf categories:
Proposition 17. The composite
is the identity functor.
In other words, the deleting infinitesimal functor is the left inverse of the adding infinitesimal functor.
Proof. For any diffeological space X, we prove below that • (
• X) = X. From the proof, it is clear that the composite of these two functors acts as identity on morphisms.
Recall that
We define a functor
It is straightforward to check that • (
• f ) = f : U −→ V , and hence we get a natural smooth map X −→ • (
• X). On the other hand, for any Fermat plot p :
By a similar proof as Proposition 15, one can check that
is a well-defined functor, and hence we get another natural smooth map • (
• X) −→ X.
Although p and •p can be different, it is straightforward to check that the two composites
are the same, and hence the two maps X −→ • ( • X) and • ( • X) −→ X are inverse to each other.
By a similar method, one can show that if X and Y are diffeological spaces, and f :
after natural diffeomorphisms as constructed in the proof of Proposition 17 corresponds tof : X −→ Y , i.e., the composite
In particular, from a commutative triangle in
we get a commutative triangle in Diff :
where X, Y, Z are diffeological spaces, and f, g, h are Fermat maps.
As an easy application, we have:
. Let X and Y be diffeological spaces. Then the Fermat map i :
By the observation above this corollary, we get a commutative triangle
in Diff . By Cartesian closedness of Diff , we get a morphism
, and one can check easily that this is the inverse of • i.
On the other hand, we will show in next subsection that
Here is another way to think of the deleting infinitesimal functor. The inclusion of the concrete sites F ′ ֒→ F gives rise to the restriction functor
, and Proposition 15 induces a functor CSh(F ′ ) −→ Diff . One can check that the functor F ′ −→ S naturally preserves finite products, and as a result of Remark 14 we have:
For application of the adding and the deleting infinitesimal functors to integrals, see the subsection "Standard and infinitesimal parts of an integral" in [9, Sectionï¿ 1 2 7]. 4.3. Why we choose F to be the Fermat site. In Example 2(ii), we defined F with objects all subsets of
• R n for all n ∈ N, morphisms all quasi-standard smooth maps between them, and covers the Fermat open coverings to be the Fermat site. We have explained in Section 2 that instead of taking morphisms to consist of only Fermat extension of smooth maps, we get a concrete site. In order to relate Fermat spaces with diffeological spaces, there is another natural choice -we can take F ′ to be the full subcategory of F consisting of objects of the form
• U with U an open subset of a Euclidean space. Then by Example 2(ii), F ′ is also a concrete site. In this subsection, we explain in what sense the category
• C ∞ is better than the category CSh(F ′ ).
One naive reason is, we want to develop geometry of Fermat spaces and diffeological spaces using general spaces like . The actual reason is, the Fermat space
does not, for the following explanations:
Proposition 20. Let X be a diffeological space, and write (X ≤ • X) for the Fermat subspace of
• X via the inclusion map i X :
In other words, the Fermat space • X still remembers X as a diffeological space.
Proof. We only need to prove the two inclusions since both
For any plot p : U −→ X, we have a commutative square in Set:
Since i U is quasi-standard smooth and
′ of u in U , some plot r : V −→ X and a quasi-standard smooth map f :
Hence, we have the following commutative diagram in Set:
Note that the composite of the bottom horizontal maps is 1 |(X≤ • X)| , and the composite of the upper horizontal maps is smooth. So q ∈ Diff (U, X), i.e.,
As a corollary, we have:
is a functor, which makes Diff a full subcategory of
Therefore, every diffeological space is canonically a Fermat space with the same underlying set, and every smooth map between diffeological spaces is canonically a Fermat map between the corresponding Fermat spaces.
Proposition 20 also implies the following: 
• V −→ U be a section, i.e., the composite • W and a smooth map f :
. We summarize the above discussion as the following proposition:
Proposition 24. Let U and V be open subsets of Euclidean spaces. Then the set
| consists of only locally constant maps.
Here are some easy corollaries. Note that if U is an open subset of a Euclidean space of positive dimension, then as a representing concrete sheaf in
(Indeed, by definition, for any object A ⊆ • R n in F , as a representing concrete sheaf in
• C ∞ , it is exactly (A ≤ • R n ).) Therefore, by Proposition 24, the map ev 0 :
• U −→ U is not quasi-standard smooth. We also have:
Corollary 25. Let U be an open subset of some Euclidean space. Then • (U ≤ • U ) is the set U with the discrete diffeology.
4.4.
Calculations. In this subsection, we will do a few calculations for
• X and • Y for diffeological space X and Fermat space Y .
Here is the general situation we will meet frequently, in both Diff and
Theorem 26. Let A be a concrete site, let I be a small category, let J be a subcategory of I with the inclusion i : J −→ I, and let F : I −→ CSh(A) be a functor. Then the natural map colim J (F • i) −→ colim I F is an isomorphism in CSh(A) if the following conditions hold:
(1) for any object i in I and for any section c : A −→ F (i), there exists a cover {c λ : A λ −→ A} λ∈Λ of A such that for each λ, there exist an object j in J and a section d λ : A λ −→ F (j) making the following diagram commutative:
Proof. Recall that a colimit in a category of concrete sheaves is the colifting of the corresponding colimit in Set. Condition (1) means that the map | colim J (F •i)| −→ | colim I F | is surjective, so together with Condition (2), this map is a bijection. Then use Condition (1) again, it is easy to see that the inverse map
The hard part of applying this theorem is to check Condition (2). We will make it more explicit in the following cases:
Calculations of
• X. In Subsection 4.1, we defined • X = colim U∈S/X • U for every diffeological space X. One can use this definition to show that if X is a discrete diffeological space, then
• X is a discrete Fermat space with | • X| = |X|. But in general, the plot category S/X is huge. We need to find a more efficient way to calculate
• X. In many examples, the diffeological space is given as a colimit of Euclidean spaces over a small subcategory of its plot category. The following proposition tells us when we can use this colimit to calculate the corresponding Fermat space:
Proposition 27. Let X be a diffeological space, and let B be a subcategory of the plot category S/X. Assume X = colim U∈B U . Then the natural Fermat map colim U∈B
• U −→ • X is surjective. If it is also injective, then it is an isomorphism in
Proof. This is an easy corollary of Theorem 26.
To apply this proposition to calculate • X, the key part is to check the injectivity of the natural map colim U∈B
• U −→ • X. Injectivity is equivalent to the condition that for any plots p : U −→ X and q : U ′ −→ X in B, and any points u ∈ • U and
. . , v n ∈ • V n , and zig-zag morphisms among these plots together with p and q in S/X such that the Fermat extension of the zig-zag connects u and u ′ via these v i 's, (by applying ev 0 , this implies that
• u and
• U m , and zig-zag morphisms among these plots together with p and q in B such that the Fermat extension of this zig-zag connects u and u ′ via these u j 's. We will use this description to calculate the following examples, and from these examples, we abstract some general results.
Example 28. (i)
Let M be a smooth manifold, and let {(U i , ϕ i )} i∈I be a smooth atlas. Then we can construct a category I with objects finite subsets of I and morphisms inclusion maps. There is a canonical functor I op −→ Diff sending a finite subset {i 1 , . . . , i n } ⊆ I to U i1 ∩ · · · ∩ U in , and sending the inclusion map to the corresponding inclusion map. It is easy to see that M is the colimit of this functor, so we write M = colim i∈I op U i . One can also check that the injectivity of Proposition 27 holds by the definition of a smooth atlas on a smooth manifold, and hence
in Diff , i.e., X is two real lines glued at the origin. One can show that the injectivity of Proposition 27 holds, and hence
• X is the pushout of
• X is two Fermat reals glued at the origin. (iii) Let V be a fine diffeological vector space (see [10, Chapter 3] ), and let I be the poset with objects finite dimensional linear subspaces of V and morphisms inclusions. Then by [10, 3.8] , it is easy to see that V = colim W ∈I W and that the injectivity of Proposition 27 holds, which implies that
Here is a general result from these three examples:
Proposition 29. Let B be a subcategory of the plot category S/X over a diffeological space X. Assume that every object U −→ X in B is an injective map such that the pullback diffeology on U coincides with the standard diffeology, and for any objects p : U −→ X and q : V −→ X with p(U ) ∩ q(V ) = ∅, there exist an object r : W −→ X with r(W ) = p(U ) ∩ q(V ) and morphisms r −→ p and r −→ q in B.
Moreover, if X = colim U∈B U , then
Proof. By Proposition 27, we are left to check the injectivity of the natural map colim U∈B • U −→ • X. We split zig-zag diagrams into two kinds of pieces, and study them separately:
(1) Assume that we have a commutative triangle in Diff :
with p an object in B, q a plot and f a smooth map, and u ∈
• U and v ∈ • V are fixed points such that
• f (u) = v. Since X = colim U∈B U , there exist an
From these diagrams, we know that the natural map colim U∈B • U −→ • X is injective.
Example 30. Let X be the 1-dimensional irrational torus of slope θ, i.e., X is the quotient group R/(Z + θZ) with the quotient diffeology, where θ is a fixed irrational number. Let J be the category associated to the additive group Z + θZ, i.e., J has one object, the morphisms in J are indexed by the set Z + θZ, and the composition corresponds to the addition in the additive group Z + θZ. There is a functor J −→ Diff sending a + θb : · −→ · to R −→ R with x → x + (a + θb). It is straightforward to check that the colimit of this functor is X. Since the projection π : R −→ X is a diffeological covering (see [10, Chapter 8] ), one can show that the injectivity of Proposition 27 holds, and hence
• X = colim J • R, or more precisely, • X is the quotient group
• R/(Z + θZ).
However, the adding infinitesimal functor does not always preserve colimits. That is why the calculation of
• X is not easy. In particular, this implies that the adding infinitesimal functor does not have a right adjoint.
Example 31. Let R be the category associated to the additive group R, and let F : R −→ Diff be the functor sending the object in R to R and sending the morphism r ∈ R to the translation R −→ R by x → x+ r. Then colim F = R 0 . One can easily check that | colim(
• (−) • F )| = |D ∞ |, since there are only translations by reals, but
Calculations of • Y . In previous subsections, we have already calculated some examples of • Y , where Y is a Fermat space: in Subsection 4.2, we showed that
• Z)) = Diff (X, Z) for any diffeological spaces X and Z, and in Subsection 4.3, we showed that • (U ≤
• U ) is a discrete Fermat space for any open subset U of a Euclidean space. We will calculate one more example below, which will be useful for defining tangent spaces and tangent bundles for Fermat spaces and diffeological spaces (which is different from the approaches presented in [2] ) in a future paper. • R −→ Y , such that after applying the deleting infinitesimal functor on the zig-zag, there is a fixed point on U for each
• U −→ Y in the original zig-zag so that x and y gets connected by the new zig-zag via these points. We break the original zig-zag into small pieces as follows and study them to get information of the new zig-zag on the corresponding small pieces:
(1) Assume that we have a commutative triangle
′ /Y , and points x ∈ R and u ∈ U such that • f (x) = u. Since Y is a quotient Fermat space of
• R, there is a Fermat open neighborhood • V of f (x) in • U and a quasi-standard smooth map g :
• V −→ • R so that p|• V = π • g. So we get a
